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E%5*678()),1 # )(/%5*678()),1 5,+,2# % +/#0()## '%2A# / n9*(")%* :()'",-;)%*
$%-( <)(%=15,'(-;)% );>'%)%/%*? #*(>' /#+ <x = (x1, . . . , xn)� x

0 = (x01, . . . , x
0
n)?R

ẍj = xjϕ(r) + gj(x, t) (#-# ẍ = xϕ(r) + g(x, t)); xj(t0) = xj0, (#-# x(t0) = x0), <�?

ẍ0j = x0jϕ(r
0) (#-# ẍ0 = x0ϕ(r0)); ẍ0j (t0) = x0j0 (#-# ẍ0(t0) = x00); j ∈ [1 : n]. <�?

E42#',1 6",/)()#1 <�? #5 <�?� 6+("0#/,1 2-()4 $("/%.% $%"1+A, $% δx = x − x0 #
#&$%-;561 %=%5),2()#( s = x01δx1 + · · ·+ x0nδxn� $%-62,(* / $("/%* $"#=-#0()## S�TR

δẍj = gj(x
0, t) +

n∑
k=1

∂

∂x0k
(x0jϕ(r

0))δxk = gj(x
0, t) + ϕ(r0)δxj + x0j

ϕ′(r0)
r0

s, ϕ′(r) =
dϕ

dr
. <U?

V(D#'; 6",/)()#1 <U? )($"%&'%� @%'1 B6)+,*()',-;),1 *,'"#:, $"#):#$#,-;)%
*%0(' =4'; ),3+(), $% '(%"(*( !6,)A,"(� )% %&%=())% &-%0() $("(@%+ A "(D()#>
)(%+)%"%+)%3 &#&'(*4� &/15,))43 & #)'(."#"%/,)#(* +"%=(3� / 2#&-#'(-1@ A%'%"4@
&'%1' %$"(+(-#'(-# (n − 1)9.% $%"1+A,� , / 5),*(),'(-( C %$"(+(-#'(-; n9.% $%"1+A,�
$"#28(* F-(*()'4 %$"(+(-#'(-(3 &-%0)4* %=",5%* 5,/#&1' %' F-(*()'%/ B6)+,*()9
',-;)%3 *,'"#:4 # /%5*67,>7(3 B6)A:## g� E )(=(&)%3 *(@,)#A( +-1 &-62,1 n = 3
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# :()'",-;)%.% $%-1 W;>'%), F'# &-%0)%&'# $"(%+%-(/,>'&1 &$(:#,-;)4*# $"#(*,9
*# S�T� E ",=%'( S�T $"(+-%0(), #+(1� A%'%"6> / ),&'%17(3 &',';( *4 "(,-#56(* +-1
->=%.% n ≥ 1 # $"%#5/%-;)%.% :()'",-;)%.% $%-1� X), 5,A->2,('&1 / '%*� 2'% &),2,9
-, /4/%+#'&1 -#)(3)%( 6",/)()#( /'%"%.% $%"1+A, %')%&#'(-;)% s� 5,'(* ),3+())%( s
$%+&',/-1('&1 / 6",/)()#1 <U?� 2'% +,8(' /*(&'% F'%3 &#&'(*4 n %'+(-;)4@ -#)(3)4@
6",/)()#3 /'%"%.% $%"1+A, %')%&#'(-;)% δxj & #5/(&')4*# A%FBB#:#()',*# # $",/4*#
2,&'1*#�

!("(3+8(* A /4/%+6 6",/)()#1 +-1 s� Y&$%-;561 /4",0()#1 +-1 δẍj #5 <U? # )(/%59
*678())4( 6",/)()#1 <�?� $%-62,(*R

s̈− 2ϕ(r0)s− 2q − r0ϕ(r0)s =
n∑

j=1

x0jgj(x
0, t), q =

n∑
j=1

ẋ0jδẋj . <�?

Z#BB("():#"61 q $% t # #&$%-;561 B%"*6-4 <�? # <U?� $%&-(+%/,'(-;)% /4/%+#*R

q̇ =
n∑

j=1

(ẍ0jδẋj + ẋ0jδẍj) =
n∑

j=1

x0jϕ(r
0)δẋj +

n∑
j=1

ẋ0j

(
gj(x

0, t) + ϕ(r0)δxj +
x0jϕ

′(r0)

r0
s

)
,

q̇ = ϕ(r0)ṡ+ ϕ′(r0)sṙ0 +
n∑

j=1

ẋ0jgj(x
0, t). < ?

Z#BB("():#"61 ",/()&'/% <�? # #&$%-;561 < ? # $"%&'4( $"(%=",5%/,)#1� $%-62,(*R

���
s − 2ϕ′(r0)ṙ0s− 2ϕ(r0)ṡ− 2q̇ − s

d

dt

(
r0ϕ′(r0)

)−r0ϕ′(r0)ṡ =
d

dt

n∑
j=1

x0jgj(x
0, t),

���
s−

(
4ϕ(r0)− r0ϕ′(r0)

)
ṡ−

(
4ϕ′(r0) +

d

dt

(
r0ϕ′(r0)

))
s =

=
d

dt

n∑
j=1

x0jgj(x
0, t) + 2

n∑
j=1

ẋ0jgj(x
0, t).

<�?

W,=%"4 /#+,
(
∂x01/∂a, . . . , ∂x

0
n/∂a

)
� .+( a C A,A%39'% $,",*('"� %' A%'%"%.% 5,/#9

&1' A%%"+#),'4 x01, . . . , x
0
n� 6+%/-('/%"1>' %+)%"%+)%3 &#&'(*( <U?� $%F'%*6 #5 &$%&%=,

/4/%+, &-(+6('� 2'% %+)%"%+)%*6 6",/)()#> <�? 6+%/-('/%"1>' B6)A:## /#+,

Ψ =
n∑

j=1

x0j
∂x0j
∂a

=
1

2

∂(r0)2

∂a
. <[?

Y)'(."#"61 <�? %' t0 +% t # #&$%-;561 <�?� $%-62,(*R

s̈−(
4ϕ(r0) + r0ϕ′(r0)

)
s = G(t) = Π +

n∑
j=1

(
x0jgj(x

0, t) + 2

∫ t

t0

ẋ0jgj(x
0, t)dt

)
,

Π =
[
s̈−(

4ϕ (r0) + r0ϕ′(r0)
)
s+

n∑
j=1

x0jgj(x
0, t)

]
t=t0

=
[
2

n∑
j=1

ẋ0jδẋj − 2ϕ(r0)s
]
t=t0

.
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\&-# #5/(&')4 '"# -#)(3)% )(5,/#&#*4( B6)A:## ψ1� ψ2� ψ3 /#+, <[?� '% B6)A:##
/#+, ψ = α1ψ1+α2ψ2+α3ψ3� .+( α1� α2� α3 C $%&'%1))4(� 1/-1>'&1 "(D()#(* %+)%"%+9
)%.% 6",/)()#1 <�?� Y&$%-;561 F'%� *%0)% ),3'# B6)+,*()',-;)6> &#&'(*6 "(D()#3
F'%.% 6",/)()#1� ],'(* *%0)% "(D#'; # )(%+)%"%+)4( 6",/)()#1� !%+&',/#/ '($("; s
/ $",/4( 2,&'# 6",/)()#3 <U?� *%0)% ),3'# /&( δxj �

E '"8(@*(")%* &-62,( #)'("(& *%.6' $"(+&',/-1'; )();>'%)%/4 &#-%/4( $%-1 <),9
$"#*("� $%-( 1+(")4@ &#-?� E 2,&')%&'#� $"(+&',/-1(' #)'("(& &-62,3 ϕ(r) = cr−α�
ϕ′(r) = −cαr−α−1 <$"# α = 3 F'% &%%'/('&'/6(' &#-,* W;>'%),?� %̂.+, ϕ′(r) = −cαr−α−1�
, 6",/)()#1 <�? # <�? $"#)#*,>' /#+R

ẍ0j = cx0j (r
0)−α, s̈− c(4− α)(r0)−αs = G(t).
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