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>D?l T@<@ 6DHB@ ;<EWI=>;7 F 6=>BA=>= NE;E@HL � I@H �� 8;>� @ HC@N@ [ GDE== � I@HDF� _@
]J=EL>D8 HC=KB6DA6@T= abc dk \_o CDEWI=>D �h <==8@>0HC=KB6DA6@88 ]BD? FHC9J0
K;p HDDBF=BHBFWMY;= ]KHCD<;U;; HN=E@>9 F ;>B=6F@E= F6=8=>; �hl��l�� [ �)l��l�� m!�
q9E; C6D@>@E;<;6DF@>9 HC=KB69� CDEWI=>>9= F �hl��l��� �hl�)l�� ; �hl�gl�� m!� KDAN@
F=6J;>@ CDN>;8@MY=?H7 FHC9J=I>D? @6K; ;8=E@ F9HDBW F C6=N=E@: DB �� ND �� S8�

ZH= HC=KB69 CDEWI=>9 H @>@E;<@BD6D8 K6WADFD? CDE76;<@U;; OC6;<8D?06@HY=C;B=E=8
;< ;HE@>NHKDAD JC@B@ ; I=BF=6BLFDE>DFD? CE@HB;>KD?R� IBD CD<FDE;ED @>@E;<;6DF@BL
HBDKHDF9 C6DT;E; I ± V �
�67893;244<2 =>?@585 ��� 5 ��� 8545A� F<@;8>D �C6;F7<@>>9=� CD NE;>@8

FDE> CD B=EEW6;I=HK;8 E;>;78� ;8=MB HE=NWMY;= DHDG=>>DHB;� \@K C6@F;ED� >@;GDEL0
J== 6@HY=CE=>;= I+V ; I−V C6DT;E=? >@GEMN@=BH7 FGE;<; U=>B6@ ]8;HH;;� BDAN@ K@K
F H6=N>;: ; N@EX=K;: K69EL7: ]BD 6@HY=CE=>;= <>@I;B=EL>D 8=>LJ=� _@;GDE== >@AE7N0
>D ]BD C6DHE=V;F@=BH7 CD G;H=KBD6@8 C6DT;E=? OBD>K;= H6=N;>>9= E;>;; >@ 6;H� � ;
�R� r@>== ]BDB ]TT=KB OWHEDF>D >@<F@>>9? �V 0]TT=KBD8�� CDHKDELKW C6;N@X=B TD68=
G;H=KBD6DF F;N E@B;>HKD? GWKF9 V R >@GEMN@EH7 F @KB;F>9: C6DBWG=6@>U@: P�Q� \@K
; F @KB;F>9: C6DBWG=6@>U@:� 8=HB@ >@;GDELJ=AD >@GEMNX=>>DAD 6@HY=CE=>;7 E;>;?
_α ; .� -�� >@?N=>9 F=HL8@ EDK@EL>98;� F DGE@HB7: 6@<8=6D8 �[� S8 F K@6B;>>D?
CEDHKDHB;� Z>= ]B;: 8=HB 6@HY=CE=>;= C6DT;E=? HB@>DF;BH7 H6@F>;898 H JW8DF98;
]TT=KB@8; >@ HC=KB6DA6@88@:� KDBD69= DU=>;F@MBH7 F=E;I;>D? ±��� aH� sE7 C6;8=6@
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B9 �� S8� AN= 6@HY=CE=>;= E;>;? G9ED 8@KH;8@EL>98� jD6DJD F;N>D� IBD F DG=;:
E;>;7: 6@HY=CE=>;= G;H=KBD6DF FD<6@HB@=B F F=6J;>@: ]8;HH;?� AN= D>D NDHB;A@=B ��[
�h 8t�� uHE; ]BD 6@HY=CE=>;= B6@KBDF@BL K@K v==8@>0]TT=KB� BD CDEWI@=8 8@A>;B>D=
CDE= >@C67VX=>>DHBLM ND ���� aH CD E;>;; -α ; ND ���� aH CD E;>;; .��

uY= DN;> F=HL8@ :@6@KB=6>9? ]TT=KB [ C6DB;FDCDEDV>@7 >@GEMNX=>>@7 CDE76>DHBL
8@A>;B>DAD CDE7 CD E;>;78 FDND6DN@ ; A=E;7� w< 6;H� � F;N>D� IBD G;H=KBD6 C6DT;E7
I − V OJB6;:DF@7 E;>;7R F E;>;; _α H8=YX=> FE=FD� F DGE@HBL 8=>LJ;: NE;> FDE> CD
DB>DJ=>;M K G;H=KBD6W NE7 I + V C6DT;E7 OHCEDJ>@7 E;>;7R� kN>@KD F E;>;; A=E;7
>@C6@FE=>;= HDDBF=BHBFWMY=AD H8=Y=>;7 7FE7=BH7 DG6@B>98� d>@EDA;I>9? ]TT=KB
DB8=I=> @FBD6@8; P�Q NE7 @KB;F>9: C6DBWG=6@>U=F� ; HN=E@> F9FDN DG @>B;KD66=E7U;;
;<8=6=>>9: CDE=? CD ]B;8 E;>;78�

ZD<8DV>@7 C6;I;>@ ]BDAD ]TT=KB@� H WIX=BD8 6@<E;I>D? B=8C=6@BW6>D? IWFHBF;0
B=EL>DHB; E;>;? FDND6DN@ ; A=E;7 O@� HE=NDF@B=EL>D� ; F=6D7B>D? C6;>@NE=V>DHB; HD0
DBF=BHBFWMY;: N@>>9: K C6DHB6@>HBF=>>D 6@<E;I>98 DGE@HB78 FHC9JK;R [ HED;HB@7
<>@KDC=6=8=>>@7 8=EKD8@HJB@G>@7 HB6WKBW6@ ]8;HH;D>>9: ]E=8=>BDF FHC9JK; P�Q�

w< 6;H� � F;N>@ =YX= DN>@ C6;8=I@B=EL>@7 DHDG=>>DHBLl G;H=KBD69 NE7 E;>;? -α ;
.� HDDBF=BHBFWMB >= BDELKD 6@<E;I>D? CDE76>DHB; 8@A>;B>DAD CDE7� >D ; 6@<E;I>D8W
CD <>@KW A6@N;=>BW EWI=F9: HKD6DHB=?� s=?HBF;B=EL>D� G;H=KBD69 F E;>;; .� ;8=MB
F9CWKEDHBL ;<A;G@ FE=FD� >@CD8;>@7 GWKFW �x�� BDAN@ K@K F E;>;; -α [ F C6DB;FD0
CDEDV>WM HBD6D>W� 5DHKDELKW @H;88=B6;7 C6DT;E=? E;>;? DGWHEDFE=>@ 6@<E;I>98;
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CDNDG>9? 6=<WELB@B 8DA FD<>;K>WBL C6; 6@<E;I>D8 :@6@KB=6= ;<8=>=>;7 HKD6DHB=? F
DGyX=8@: HF=I=>;7 E;>;? FDND6DN@ ; A=E;7�

ZD FHC9JK= ����)����� A� G;H=KBD69 C6DT;E=? I ± V E;>;; -α ;8=MB >@;GDELJ==
6@HY=CE=>;= BDELKD F C6=N=E@: >@;GDE== 76KDAD 8=HB@ FHC9J=I>D? @6K;� <@>;8@MY=AD
≈� S8 F K@6B;>>D? CEDHKDHB;� kK@<@EDHL� IBD <N=HL 8@KH;8@EL>D= 6@HY=CE=>;= G;H=K0
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kN>@KD F ]BD? FHC9JK=� F DBE;I;= DB FHC9JK; ����)����� A�� 8@KH;8@EL>D= 6@HY=CE=0
>;= G;H=KBD6DF NDHB;A@EDHL >= F F=6J;>= ]8;HH;D>>DAD �:DE8@� E;>;; -α� @ >=HKDELKD
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d>@EDA;I>9? ]TT=KB� >D >@ 6@HHBD7>;; �� 8t� DB U=>B6@ ]8;HH;;� DB8=I=> ; F E;0
>;; .� NE7 8D8=>B@ �hl�)l�� m!� c@K;8 DG6@<D8� F ]BD? FHC9JK= ;8=E;HL WK@<@>;7 >@
EDK@EL>9= ]KHB6=8W89 O8@KH;8W89R 6@HY=CE=>;7 G;H=KBD6DF� 5DNDG>9= ]KHB6=8W89
DB8=I=>9 F E;>;;  �� ���� FD FHC9JK@: >@ N;HK= P�� �Q� c@8 D>; B6@KBWMBH7 K@K C6D7F0
E=>;= HWGB=E=HKDC;I=HKD? HB6WKBW69 8@A>;B>DAD CDE7� C6; KDBD6D? F HC=KB6= HW88;0
6WMBH7 FKE@N9 DB CDE76;<DF@>>9: <==8@>DFHK;: σ0KD8CD>=>B H H;EL>D 6@<E;I@MY;0
8;H7 8@A>;B>98; 6@HY=CE=>;78;� uHE; B@KWM ;>B=6C6=B@U;M C6;>7BL NE7 ;HHE=NW=0
89: FHC9J=K� C6;:DN;BH7 NDCWHB;BL HWY=HBFDF@>;= DA6D8>9: CD F=E;I;>= 8@A>;B>9:
CDE=?� ND �h KaH� 5D0F;N;8D8W� HWY=HBFDF@>;= B@K;: CDE=? >@ KD6D>@EL>9: F9HDB@:
8@EDF=6D7B>D�

bDAE@H>D 6@HIX=B@8� @>@EDA;I>9= DHDG=>>DHB; 6@HY=CE=>;7 G;H=KBD6DF FD<>;K@MB ;
F ;>D8 HEWI@= [ KDAN@ F C6=N=E@: F:DN>D? Y=E; ;>HB6W8=>B@ HW88;6WMBH7 HC=KB6@EL0
>9= FKE@N9 DB 8>DA;: DCB;I=HK; BDEHB9: ]8;HH;D>>9: ]E=8=>BDF� ;8=MY;: W8=6=>>D
H;EL>D= OHWGK;EDA@WHHDFD=R CDE=� \@VN9? DCB;I=HK; BDEHB9? ]8;HH;D>>9? ]E=8=>B
NDEV=> N@F@BL >=A@WHHDF9? C6DT;EL HC=KB6@EL>D? E;>;; [ H GDE== CEDHKD? F=6J;>D?
; GDE== K6WB98; K69EL78;� 5@6@8=B6 bBDKH@ V GWN=B F ]BD8 HEWI@= ;8=BL DHB69=
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C;K; >= F 8=HB@: EDK@E;<@U;; σ0KD8CD>=>B� @ F 8=HB@: 8@KH;8@EL>D? K6WB;<>9 dI/dλ
HBDKHDFDAD C6DT;E7 I� _@EDV=>;= B@K;: DHB69: ; 6@<>=HX=>>9: CD NE;>@8 FDE> C;KDF
C@6@8=B6@ bBDKH@ V >@ DH>DF>WM K@6B;>W ]8;HH;; NDEV>D C6;F=HB; K 8@KH;8W8W 6@H0
Y=CE=>;7 G;H=KBD6DF F C6DT;E7: I ± V ;8=>>D B@8� AN= EDK@E;<;6WMBH7 8@KH;8W89
C@6@8=B6@ dI/dλ�
!?85B2CD1244<2 >6CB;2D< G9E; HN=E@>9 NE7 E;>;; -α FD FHC9JK= ����)����� A�

O6;H� �R� _@ ]BD8 6;HW>K= <@F;H;8DHBL � [ >@GEMN@B=EL>9= N@>>9=� WH6=N>X=>>9= CD
WI@HBKW F � S8 FGE;<; F9HDB9 �� S8 FD FHC9JK=� � [ 8DN=EL>9= 6@HI=B9�

v@F;H;8DHBL � 6@HHI;B@>@ NE7 NFW:KD8CD>=>B>D? 8DN=E;� HDN=6V@Y=? A@WHHDF9 C6D0
T;E; �TD>@� ; >=A@WHHDF9 C6DT;E; DCB;I=HK; BDEHB9: Oτ � 1R ]8;HH;D>>9: ]E=8=>0
BDF� d6AW8=>B9 F CDEL<W BDAD� IBD C6DHB6@>HBF=>>D >=6@<6=J;89= ]8;HH;D>>9= ]E=0
8=>B9 FHC9J=K NDEV>9 G9BL N=?HBF;B=EL>D DCB;I=HK; BDEHB98;� C6;F=N=>9 F 6@GDB=
\W6DIK; ; kHB@C=>KD PhQ� Z B@KD8 HEWI@= C6DT;EL E;>;; 6@HHI;B9F@=BH7 CD TD68WE=

I(ν ′, τ0, η) = A ·
∞∫

−∞

[
1− e−τ0α(ν ′−y)

]
· e−(y/η)2dy. O�R

vN=HL ν ′ =
∆λ

∆λ��
� AN= ∆λ�� [ NDCE=6DFHK@7 J;6;>@ E;>;? ;<EWI=>;7 DBN=EL>9: ]8;H0

H;D>>9: ]E=8=>BDF DGy=KB@� τ0 [ DCB;I=HK@7 BDEY@ DN>DAD ]E=8=>B@ F U=>B6= ]8;HH;D>0

>D? E;>;;� η =
∆λ����
∆λ��

=
ξ���
ξ�

� ∆λ���� [ NDCE=6DFHK@7 J;6;>@� <@F;H7Y@7 DB HKD6DHB=?

8@K6DHKDC;I=HK;: NF;V=>;? ]8;HH;D>>9: ]E=8=>BDF ξ���� α(ν ′) [ KD>BW6 KD]TT;U;=>0
B@ CDAEDY=>;7� A [ >D68;6DFDI>9? 8>DV;B=EL�

kK@<@EDHL� IBD =HE; C6;>7BL <>@I=>;7l τ0 = 103� η = 1.2� ∆λ�� = 194 8t�� B� =
700 aH� B��� = 100 aH� BD ;8==8 B=D6=B;I=HKWM <@F;H;8DHBL O�R� C6@KB;I=HK; HDFC@N@M0
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=.')%�  .,9�F) 5� 9.% 9+=� G=�  �.**+=� G%)=)*9#=� @ =� 9)5 9A�

YWM H >@GEMNX=>>D? O�R� c@K;8 DG6@<D8� CDEWI=>>9= N@>>9= DGy7H>;89 ; G=< C6;FE=0
I=>;7 A;CDB=<9 D �I6=<8=6>D H;EL>9:� 8@A>;B>9: CDE7: F ;HHE=NDF@>>9: FHC9JK@:�

v@8=B;8� IBD F=E;I;>@ ∆λ�� = 194 8t� HDDBF=BHBFW=B NE7 FDND6DN@ T ≈ 5000 z� =HE;
C6=NCDEDV;BL >WE=F9= 8;K6DBW6GWE=>B>9= HKD6DHB;� `BD <>@I;B� IBD 8=EKD8@HJB@G0
>9= ]8;HH;D>>9= ]E=8=>B9 ;8=MB >= BDELKD WH;E=>>9= 8@A>;B>9= CDE7� >D ; CD>;V=>0
>WM B=8C=6@BW6W� r@>== K @>@EDA;I>98 F9FDN@8 C6;:DN;E; @FBD69 6@GDB P)� gQ� @>@E;0
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